On A General Theorem For Additive Levy Processes 

By MING YANG 



We prove a new theorem and show that this theorem impUes Theorem 1.1, Theorem 1.5 (with no restrictions), 
Theorem 2.1 of Khoshnevisan, Xiao and Zhong [1] and Theorem 2.2 of Khoshnevisan and Xiao [2]. 
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1. Introduction 

Let Xl^ , Xl,---, X^^ be independent Levy processes in M'^ with their respective Levy 
exponents ^j, j = 1, 2, • • • , A^. The random field 

Xt = xl +XI + --- + x^^, t = {h,t2, ■■■,tN)eM^ 

is called the additive Levy process. Let A^; denote Lebesgue measure in W^. Define Ei + E2 = 
{x + y : X G El, y G E2} for any two sets Ei, E2 of K'^. 

Theorem 1.1 Let {X; ^1, ■ ■ ■ ,"^]\[) be an additive Levy process in TR'^ and {Y; - ■ ■ , be a 

second additive Levy process in M!^ independent of X . Then for any G € S(]R")\{0}, 



E{XdiX{Il'l)+Y{G))}>0 



XI) 



for some probability measure jjL on G. 
If we take G = {0}, we obtain 



< 00. (1.2) 



This is Theorem 1.1 of Khoshnevisan, Xiao and Zhong [1] with no assumptions. If we let X = we 
obtain Theorem 2.1 of Khoshnevisan, Xiao and Zhong [1]. If we take a standard additive a-stable 
process 5° from to IR'^ with a € (0, 1) to be X, we obtain Theorem 2.2 of Khoshnevisan and 
Xiao [2]. If we consider a deterministic additive Levy process from to R"^ as we obtain 

For any F G S(]R'^)\{0}, 
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for some probability measure fi on F, where /t(^) = Jj^d e^^'^ fi{dx), ^ G TR"^. 

(The proof is given in the next section.) This is Theorem 1.5 of Khoshnevisan, Xiao and Zhong [1] 
without extra conditions. 

2. Proof of Theorem 1.1 

Our proof is based on a modification of the proof of Theorem 2.2 of Khoshnevisan and Xiao [2]. 
Let us lay out some groundwork first. 

Let zi, • • • , ^rjv be iV complex numbers such that Re{zj) > 0. There are 2-^ different permutations 
to write down a partial conjugate of the vector {zi, ■ ■ ■ , zn). For example, {zi, ■ ■ ■ , zn) (itself), 
(zl, • ■ ■ , zn), {zi, ■ ■ • , ^jv), {z^,z^,--- , zn), (zi,z^, ■ ■ ■ and so on. Let {zf,z^, ■■■^^n) denote 

the generic partially conjugated vector. Then, we have 

?nT^-"nae(^)>o. 

Identity (2.1) can be proved by induction. It follows immediately from (2.1) that 

?nr^-"nKe(^)>o. M 

Let be the additive Levy process with Levy exponent (^]^, • • • , ^%)- In other words, = 
ztX^ lb X"^ • • • lb X^ . Here, ib has the true meaning of + or — . Define 

= Y + X^. 

Here we require the 2^ additive Levy processes to be totally independent. In other words, we 
have 2^ independent copies of Y (with the same notation though) and 2^ independent additive 
Levy processes X^, independent of the Vs as well. For the sake of convenience, we index the Z^ 
as Z^,Z^, - ■ ■ , Z'^^ with Z^ = Y + X. We define a super additive Levy process 

Clearly, Z is a 2-^(n + AT)— parameter additive Levy process taking values in M^^''. 

Let -PxjjVd ^'^d -^Ajjv^ sigma-finite measure and the corresponding expectation with respect 

to Z. The reader is referred to Sections 3, 4 of Khoshnevisan, Xiao and Zhong [1] for all developments 
about P\i^^ and E\^j^^. Throughout, we only write P\ and E\ rather than P\^^ ^ and E\^^^^ 
respectively. We also introduce the 2^(n + A?^)— parameter process M.^'^'^ based on Z, the same 
thing as M.^f{s) in Khoshnevisan, Xiao and Zhong [1]. One of our proof techniques is to manipulate 
the four parameters A, /, fj,, s. 
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Proof of Theorem 1.1 Since the direction <= is a special case of Theorem 2.1 of Khoshnevisan, 
Xiao and Zhong [1], the direction is something we have to prove. Suffice it to show that 

for some probabihty measure ji on G, where G is compact and I G (0, oo). 

By Proposition 10.3 and Theorem 2.1 of Khoshnevisan, Xiao and Zhong [1], it is always true 
that E{\n{X'{]f),lY^) + Y'{G))} < oo for any processes X', Y' and compact G. We separate the 
two cases whether G has positive Lebesgue measure. 

Case 1 Xn{G) > 0. In this case, by Proposition 10.3 and Theorem 2.1 of Khoshnevisan, Xiao 
and Zhong [1], 

E{X,{Z\G X [0,lf))} ^ E{\,{Z^G X [0,lf))} (2.3) 

for any two Z*, Z-^, ~ depending on A„(G) and /. [Here, the symbol ~ means that there is a 
constant c G (0, oo) such that c~^/i < /2 < c/i for two nonnegative functions or quantities /i and 

/2-] 

Let G^ be the closed (5-enlargement of G for 5 > 0, that is, the smallest compact set such that for 
each point s = (si, • ■ ■ , s„) G G, [si, si+5] x • • • x [s„, Sn+f^] C G^. Let \x\ = (x-x)^/^ and let B{x,r) 
be the closed ball of radius r with center at x. Define = {B{0, S))^'^ = {B{0, (5), • ■ ■ , 5(0, S)). 

By the definition of Px, also thanks to Fubini's theorem, independence and the fact that 
-B{0,r) = B{0,r), we have 

P,{Z((G^x[O,/]^)2")n^V0} 

= LN,P[i^ + Z{{G' X [0, Iff")) n i?' / 0} dx 

= I {Z\G' X [0, If) n B{x,,5) 7^ 0, ■ ■ ■ , (G^ X [0, if) Q B{x^.,5) + 0} 
• (ia;i • • ■ dx^N 

2N 

= 11 [ ,P{Z\G' x[0, If) fl B{x, S) / 0} dx 

2N 

= l[E{Xa{Z\G' x[0,lf) + B{0,d))} 

i=l 

2^ 

^l[E{x,{z^iGx[0,lf))} 

i=l 

downwards as 5 ^ 0. By (2.3), 

2^ 

llE{\d (zi{Gx[0,lf))}>ci 
1=1 
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E{X,iX{[Ojf)+Y{G))} 



> 



for some constant ci G (0, oo), and for all 6 > 0, 

Px{Z{iG' X [0,lff'')f]B' ^ 0} G (0,oo). 

We add a cemetery point A ^ TR^ to to construct a measurable map (random variable) 
from Q, to Q!J. U {A}, where Q stands for rational as always. is defined as follows. ^ A 
if and only if G Qlf]{0, oc)T\G^ and there exist U G (0,Z]^nQ+, 1 < « < 2^, such that 
|'2^(V« t )l ^ This can always be done. We have 

Pa {t' / a} 

= PA{^((G^x[O,i]^)2")f|i?V0} 

= Pa {z\G^ X [0, /]^) fl B{0, <5) 7^ 0, 1 < z < 2^} G (0, 00). 
There is therefore a probability measure 12^ in supported on given by 

^ ^ ' Px{TS ^ A} ■ 

By Lemma 4.2 of Khoshnevisan, Xiao and Zhong [1], for any A, f , u [u probability measure in 
Rf ("+^)] and s G Mf we have 



> f Pt-sf{ZsHdt), Px-a.s. (2.5) 

Jt>ZA.S 

See (3.1) and Lemma 3.1 of Khoshnevisan, Xiao and Zhong [1] for the definition of the operator 
Ptf . Thus, 

^A,t,u > f p^_j^ZsMdt) ■ l{|zi.|<5, i<i<2^}, Px - a.s. (2.6) 

where s = (s^, • • • , s^'^), s* G M"^^. Our next step is to make 2^ different combinations of A, f , v, s 
so that we have 2^ different inequalities of (2.6), and then we sum them up to see what happens 
to the right-hand side. Here, the P\-null set in (2.5) depends on s. Thus, if s is random and if we 
wish that (2.5) holds uniformly in cj, one way is to require s to take rational points only. 

For £ > 0, define fe{x) = (2T^£)-^l'^e-\''\^ 1'^^ , x G R*^. Let u, v eM^ and s, t G R^. In this 
paper, we have only to consider the partial orders on R" . So, if tt is a partial order on R" , the 
corresponding partial order A on R""^"^ is defined by (u, s) -<a {v, t) u v, sj <tj, 1 < j < 
N. Let K{dt) = e ^j=i ^dt, t = (ti, • • • , tiv) G R+ and let /x be a probability measure in R" . Take 

s = (0,---0,(?;,s)i,0---,0), SGR+, u G R+, (2.7) 

= /i (?) K (g) /Lto, (2.8) 
f(x) = /,(a;)e-^. (2.9) 
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The notation in (2.7) is clear. In (2.8), /xq is the point mass at acting on all irrelevant time 
parameters other than {v,s)i. Note that for any Levy exponent 



/ e-i:r=.«^*"(«)^,(du) = i. 



In (2.9), X corresponds to and x' is for all other irrelevant components in the value space 
of Z. For A, we take A = {Aq,A). Here, is always the componentwise natural order, i.e., 
(ai, ■ ■ ■ ,am) r^Ao (^1) ■ ■ ■ 5 bm) o,k bk, 1 < k < m. Of course, A is for [v, s)i while Aq takes 
place elsewhere. By Lemma 3.1 of Khoshnevisan, Xiao and Zhong [1], we have 



Jt^AS 

[ [ e-4l^l^e-E:U l".-d*^(sgnK-..)0 —^Mdu), 



/t^AS 

EJV 
j = l 



where C2 € (0, oo) is a constant which involves vr, d, N, n, as well as a (2 — l)d power of 
J^^e 2 dy, but is identical for our all choices of (A,f, i/, s). Here, it is valid to interchange the 
order of integration owing to the term e~~'^' • e~2'^ ' . Therefore, by (2.2), 



2 

i=l "^t^AS 



TV 



= c^^-i:U-^. f f e-#l€l%-E:=iK-il*UsgnK-..)5)TTRe( L^] d^i,{du). 

(c3 = 2^C2.) On the other hand. By Lemma 4.2 of Khoshnevisan, Xiao and Zhong [1], 

/ 



Ex 

where 



sup Mf'''"] < C4 / e-#l«l'Q^(OdC, (2.10) 
2N(„+N) Jn'' 



(0. 



Here, C4 G (0, 00) is a constant similar to C2. To justify (2.10), we notice that e ^^1^1^ < e ^2 1^1^, 
Q„{0 e (0,1], and for ah X±, 



n-(TT^)-n-(rT^). 



and one final detail, the effect of the point mass hq. 
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The Lipschitz continuity of f is evident. Let D{e) be the Lipschitz constant of f. By the 
definition of Pt-s^, 

D{e)S + inf Pt-s^iz) > Pt-sf (0). 

\z\<5 

Since is a probabiUty measure, 

D{e)8+ [ iid Pt_4{z)u{dt) > S Pt-sf (O)K(it). 

If \Zi,\ < S, 1 < i < 2^, then {Z^l = [Zq^s.^oI < ^ and Pt_sf(^s) > inf|^|<5 Pt_sf (z). Note that 
inf|2|<5 Pt-sf (2) is a function of t independent of lo for each fixed s. Thus, 



/ Pt-sf {Zs)l'{dt) ■ lj\zi.\<S, l<i<2^} 

> j^^ ^ |inf^-Pt-sf(2)z^(6^t) • l{|z<,|<5, i<j<2JV} 



> 



Pt_sf (0)z/(dt) - D{e)5 

t^AS 



and subsequently 

2N 

^ j^^ Pt-sf{Zs)l^{dt) ■ l{|z<.|<5, l<i<2^} 

> E [/ Pt-sf (O)z^(dt) - D{e)5] ■ 1{\ZK\<6, l<^<2-} 

= [C3e- ^r=i / / e-#l«l'e- ^^=1 l«i--d*KsgnK-.,)0 TT Rg f L--^ ^^//(d 

- 2^D{e)S\ ■ l{|z*.|<5, i<j<2JV}- 
It follows from (2.6) and the definition of that 

2iv 

E sup Mf'''^ 

> [C3e-^^ / / e-4l«l'e-E:=i l-.-T/|*KsgnK-T/)0 tt ( 1 ^ 

- 2^L»(£)<5] ■ l^r^A}, PA-a.s. 
We rewrite the preceding as 

2N 

2^D{e)6 . l^^s^^y + E sup Mf^''^ > cae-^^ / / ^ e-^l^l^ 
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Now, in (2.11) replace by jU'^ and appeal to the Cauchy-Schwarz inequality, 

(p \ 2 p 
E^O ^^'E^' (2-12) 
i=l / i=l 

for any p real numbers Xj, z = 1, ■ ■ - p, to obtain 

i=l \^egQ2^(„+jv) y A^.T^ iR<^ 

e-E:.. l«.-T/|*UsgnK-i;^)0 (^^r^^^^) c/^M^(d.)}^ ■ 1^^.^^^, P, - a.s. (2.13) 

Taking £^;^-expectation on both sides of (2.13) followed by the Cauchy-Schwarz inequality yields 

2''+'S^D\e)Px{T^ 7^A} + 2''+'y^E^ sup Mp''" \ > cie-2^^{ / / / 



N 



We finally arrive at 



e- VlfPe-Er=i l«.-^'.l*^(sgnK-..)0 Re ' d^M'(^i^)/(^^^)}'^'A{r'5 7^ A}. (2.14) 

j=i \^ + '^j{OJ 

c,S^D\e)P^ {t' 7^ a} + C6 J^^ e-#l^l'Q^.(Od^ 

- ^"^'^''^M^^O^i^)' 7^ a} , (2.15) 

where C5, cq, c-j 6 (0, c») are some constants completely independent of 5 and e. 

There are four small steps from (2.14) to (2.15): A. For any fixed v G R" , lu^^vi*)!^^ (du) = 
Jj^n{»)n^{du). B. Use (2.12). C. There is no problem with interchanging the order of integration 

2 2 

once more thanks to the term e"^l^l^ D. Use (2.10). 

Choose any sequence Sk i as k —>■ 00 where k = 1, 2, • • • . Since G^^ is bounded, there exists a 
probability measure /i such that along some subsequence dm —>■ 0, fi^"^ ji weakly. To see that ji 
is supported on G, we notice that G, as well as each , is compact and that G C C^^+i c G^™. 
Taking the indicator function Iqs and noting that ^u^™ is supported on G'^'", we can easily find a 
contradiction if 11 has a positive mass on a compact set B with n G = 0. Next we write 

Jn'^ Jul Jwi 
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where 

Quite clearly, f{s,t) is a bounded continuous function. From the approximation argument from 
simple functions to bounded continuous functions in the weak convergence for probability measures, 
it also holds that f/"^ — > fj, weakly in the double space sense: 



In other words, 



f{s,t)fi^-{ds)fi^-{dt)^ f f f{s,t)fi{ds)fi{dt). 

hm / e-^l«l'g^.^m= / e-4l«l'Q^(eK>0. (2.16) 

Now rewrite (2.15) as 

c,6'D\e)P, {t' + a} (/^,e"#l«l^g,.(Odc)"' 

+C6 {j^^ e-#l«l'g^.(e)de) ' > ctPa [t' + a} . (2.17) 

Recall that 

\t'^ ^ a} ^ n ^ {^<i (^'(Gx[0,ZP)) } G (0, oo) (2.18) 

i=\ 

downwards as m ^ oo. 

It follows from (2.16), (2.17) and (2.18) that 

C6 (/..^"^'^''^mCO'^^) > ^iVi.^{^d (^^(Gx[0,Z]^))} > 0. (2.19) 
Finally, let e ^ in (2.19) to finish. 



Case 2 A„(G) = 0. This is the major case because we are more interested in the measure /x on a 
nontrivial set G with \n{G) = satisfying (1.1). 

Fix a point q = {qi, • • • , g„) € G. For ?? € (0, 1], let = G\J{[qi,qi + r?] x • • • x q„ + t]]). 
Choose a copy Y' of Y independent of Z. Consider the deterministic (d, d) additive Levy process 

Ct = {ati,at2,--- ,atd), {hM,--- M) e 

where a = rj' 

-2n(2~-i)/d Dgg^g ^jjg additive Levy process 

Z"^ = Y' + C. 

Now we replace the Z in Case 1 by an even larger additive Levy process 

Z={Z\Z^,---,Z^'',Z'i). 
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Observe that 

E{Xd{Y'{G,) + ^([0, l]-^))} > E{X4C{[0, Ifm = a'^ = 
By Proposition 10.3 and Theorem 2.1 of Khoshnevisan, Xiao and Zhong [1], for all i>2, 

E{X4Z\G^ X [0,^]^))} > csv'^E{Xa{Z\Gr, x [0,/]^))}, 
where cg G (0, oo) is some constant totally independent of r). As in Case 1, we first compute 
Pa {z\Gt, X [0, If) fl B{Q, 5) ^ 0, 1 < i < 2^, ^"(^5 x [0, l]'^) f] 5(0, <5) / 0} . 

We have 

Px{z\G'^x[0,lf)f]B{0,5)j^$, l<i<2^, Z^{Glx[0,lf)f]B{0,5)^$} 

= llE {Xd{Z\G'^ X [0, If) + i?(0, S))} ■ E{XdiY'{Gf^) + C{[0, if) + ^(0, 6))} 
1=1 

> cf-' [E{Xa{Z\G, X [0,/]^))}]''' (r?^-)^"-^-^"^^"-^) 
= cf-i [E{A,(Zi(G,x[0,ir))}]'" 

> cf-i [E{Xa{Xmf) + Y{G))}\^'' > 0. 

Similarly, we define the random variable as / A if and only if G Q*^ f]{0, oo)" f] and 
there exist ti € (0, if f] Q+ , 1 < « < 2^, such that jZ^^^a t^) I ^ and there exists a to e (0, l]'^ fl Q+ 
such that I Z!Lr , J < S. 

We then redo the Adt^'^''^ thing as in Case 1, but just do not do it for Z^. We wind up with an 
inequality in (2.19): 

(^^e-4l«l'Q^.(0d^) ' > C9 [E{XdiX{[0,lf)+Y{G))}f'' > 0, (2.20) 

where cg G (0, oo) is some constant completely independent of ij and e, and ^u^' is a probability 
measure on G^. By Fatou's lemma, we can find a probability measure n on G such that 

(/^^e-#l«l'Q^(Ocie) ' > C9 [£;{Ad(X([0,/]^) +y(G))}]'" . (2.21) 
This time, let e — > in (2.21) to complete the proof. □ 

Proof of (1.3) In Theorem 1.1, we let n = d and Y = C, where (t = (^i; ^2, • • • , td), (*i, • • • , td) G 
M!^. (t is a deterministic additive Levy process with Levy exponents ^'^(0 = ~iCk: k = 1,2, ■ ■ ■ ,d, 
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^ = (^1,^2, • ■ ■ e ^R'^- First, assume that F C IR+. Note that C,{F) = F. The reader can check 
that for any probability measure /x in ]R+, 

J'R'l J'R'l 

(1.3) follows in the case when F C 1R+. 

Next we consider an arbitrary F. Let be the jj-th closed quadrant of IR*^. Define FP = 
FfllRp- Since X(]R^) +F = Up(^(]R+) + FP), Ad(X(]R^) + F) < EpUX{TR^) + F^). Thus, 

E{\d{X{Ml) + F)} > ^ E{\a{X{Ml) + )} > 

for some p. 

Let ("^ be the deterministic additive Levy process corresponding to the quadrant IR^; i.e., Cf = 
(±ti,±t2, • • • ,±trf), (ti,t2,--- ,td) e 1R+. Let be the Levy exponent of C*'. Let pP = 

{(P)-\FP), where (C^)-^ : ^ is the inverse of C^. Then F^ C IR'f^ and C^(Ff) = F^. 
Let /i be any probability measure in W^. Then ^ = jlo (C^)~^ is a probability measure in M^. In 
particular, if /i is on F^, then is on F^. Similarly, we have 
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